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Abstract. For an Yang Baxter operator we show that a bialgebra homomorphism 
from a free braided tensor bialgebra to a cofree braided shuffle bialgebra is the 
Woronowicz braided antisymmetrizer [5]. A cofree braided shuffle bialgebra is a 
braided generalization of a cofree shuffle bialgebra introduced by Sweedler [4]. Its 
graded dual bialgebra is a free braided tensor bialgebra [3] . 



1. Introduction 

Let k be an associative ring with unit and V he a. k-bimodule. For an Yang 
Baxter operator B G End(y^^) Woronowicz [5] defined a braided antisymmetrizer 
W{B) G End{V^), which is the generahzation of the antisymmetrizer for the flip 

B=-T. 

For the operator Wn{B) = W{B)\V'^"' exist two operators fi{B) and A{B) such 
that 

Wk+i{B) = fik,i{B) o {Wk{B) ® Wi{B)} = {Wk{B) ® Wi{B)} o Ak,i{B). 

We point out that two braided bialgebras are associated with those decompositions, 
the cofree braided shuffle bialgebra bShV and its graded dual: the free braided tensor 
bialgebra bTV. We show that the cofree braided shuffle bialgebra is the generalization 
of the cofree shuffle bialgebra considered by Sweedler [4]. 

We prove that the kernel of the braided antisymmetrizer W{B) is the biideal in 
the free braided bialgebra bTV. 
Theorem. 

The homomorphism W from the braided tensor bialgebra bTV to the braided shuffle 
bialgebra bShV , such that iy|k = id and W\V = id, is the braided antisymmetrizer 
W{B). 
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2. Notations 

Let Bn be a braid group with generators {(Ji, (T2, . . . , Cn-i} ^-nd relations 

CTjCTj = (JjCJi \i — j\ > 1, 

(1) o-jO-i+iCTj = cTi+io-jai+i « = 1, 2, . . . , n - 2. 

The generators of a permutation group P„: {^1,^2; • • • j^n-i} satisfy relations (1) 
and the additional relation Vz = l,...,n— 1: tf = 1. For a permutation p E Pn let 
/(p) be the number of inversed pairs in the sequence (p(l), p{'^), • • • , pC^^)), then 

(2) P = tkitk2 ■ ■ ■ tki^py 

One can define [5] a map tt from P„ to a braid group -B„. For the permutation (2) 
we define 7r(tj) = and 

(3) b = 7r(p) = (7fei(Tjfc2 • • • cri(p) e S„. 

A braid (3) is independent of the choice of the decomposition (2), see [5]. Denote 
by 5 the image of the map tt, 

(4) S„ := 7r(P„) C B^. 

A (A;, /)-shuffle for k, / > is a permutation p e Pk+i satisfying 

(5) < p(2) < . . . < p(A;) and p{k + 1) < p{k + 2) < . . . < 

A (0, n) and (ri, 0) shuffle is an identity. The subset of (A:, /)-shuffles will be denoted 
by Shkj C Pk+i- For this set we have the corresponding subset of braided shuffles 

(6) bShk,r.^7r{Shk,i)cB,,. 

For k-bimodule V denote by Y the Z-graded k-bimodule 

(7) Y = k © y © ^ • • • . 

Let [t'i|i'2|, • • • ,\vn] be an element of Y" = Y H and = 1 G k. The tensor 
algebra TV means in this case [2] the pair TV — {Y, ®}, where (8):YxY— >^Yisa 
free product. 

Let V* = Hom(V, k) be the dual k-bimodule for V. For the evaluation 
< V*, y > are two possibilities to evaluate < V* ® V* , V ®V > . We use the 
following evaluation (note that transposition depends on this choice), 

(8) < CK (g) w (g) w >=< /3, V >< a, w >, VcK, /3 e V* and \/v, w e V. 
For the bimodule Y the graded dual bimodule Y^ means [4] 

(9) Y^ = k e e v*®^ e . . . . 
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Let B be the Yang Baxter operator, i.e. an invertible endomorphism of the k- 
bimodule V®^ which satisfies the braid equation 

(10) (id(2)B)(B®id)(id(8)B) = (B(2)id)(id®B)(B®id) e End{V^^). 

Let the set Bk = idfc_i ®-B ® id„_fe_i of C Y e End(Y®'') be bimodule endomor- 
phisms. For the Yang Baxter operator B we can define the representation of the 
braid group S„ in the Z-graded k-bimodule Y, 

(11) PS e group{£„, End(Y")} : Psi^Tk) = B^. 

3. Two BRAIDED BI ALGEBRAS 

For the Yang Baxter operator B on the bimodule V the subset S„ C -B„ is acting 
on the Z-graded k-bimodule through the representation ps (H)- Let us introduce 
the notion of the cofree braided shuffle algebra. For the k-bimodule Y one can define 
[1] the cofree comultiplication A® 

n 

(12) A^[vi\v2\ ■ . . \Vn] = '^[Vl\v2\ ■ ■ ■ \Vk] ® [Vk+l\ ■ ■ ■ \Vn]- 

k=0 

The braided shuffle multiphcation p,{B) : Y <8) Y — Y is defined for p,k,n-k{^) — 
/x(B)|Y*^®Y"~'' 

Pk,n-k{B) = E Pb(6) : Y'^ ® Y"-'^ ^ Y^ 

bebShk^n-k 

(13) IJ'k,n-M{[vi\v2\...\Vk\<^[Vk+l\...\Vn]) ^ X] PsKk2| ■■>«]• 

bebShk,n-k 

For example /Xi,2('B) = ids +B (g) id -F(B (g) id) (id (8)H). 
Lemma 3.1. The multiplication p{B) (13) is associative and i3-braided. 
Proof. Denote an element [vi|t;2| ■ ■ ■ \ by vj. Then we have 

p{B){vi0vj)= J2 VKeY"". 

K=I+J 

The associativity condition is proved by the following equation 

[li{B) o {p{B) (g) id)]{vi vk) 

= H VL = [p{B)o{ld®p{B))]{vi®Vj®VK). 
L=I+J+K 

□ 
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Consider the i3-braided monoidal category. A bialgebra is defined over this cate- 
gory if the multiphcation m and comultiplication A are morphisms and satisfy the 
following compatibility condition 

(14) A om = (m® m) o (id(g)B(g)id) o (A (8) A). 
Lemma 3.2. The triple (Y, A®) is the braided bialgebra. 

The proof by induction for the term Y'^ ® Y' is omitted. 

Consider the Z-graded dual k-bimodule V^. The free braided tensor bialgebra 
bTV is the graded dual to the cofrec braided shuffle bialgebra. Then the free braided 
tensor bialgebra bTV means the triple {Y^, ®, A^(i3)}, where the multiplication ® 
and the comultiphcation A'* are graded duals in the following sense 

(15) A^{B)=iJ%B), and ^ = A®^ 
Dual version of the lemma 3.2 is the following braided bialgebra. 
Lemma 3.3. The triple (Y, ®, A'^{B)) is the braided bialgebra. 

4. Braided antisymmetrizer 

For an Yang Baxter operator B the braided antisymmetrizer W{B) was defined by 
Woronowicz [5] as 

(16) W{B) = E ps{b). 

For B = —TT we get the Woronowicz form of the braided antisymmetrizer with the 
sign of the permutation. 

Lemma 4.4. For the braided antisymmetrizer yV{B), the multiplication fi{B) and 
the comultiplication A'^{B) the following recurrent formula is holds 

Wn+i{B) = fi{B)n,io [Wn{B)®id] = [id®W-„(,B)] O A\^^{B). 

For the proof see [5] for details. 

From this lemma by induction we can prove 

(17) Wk+i{B) = mk,io [Wk{B) ® Wi{B)]. 
and dually 

(18) Wk+m = [Wk{B) ® Wi{B)] o A>i^^{B). 

Consider braided bialgebras bTV and bShV. A map W : bTV BShV is a 
homomorphism of these bialgebras W e bialg{bTV, bShV) if satisfies two conditions 

• W is the algebra map: 

W e alg((8), At(B)) , Wo®^ ii(B) o{W®W) 
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• W is the coalgebra map: 

W e coalg(A^(B), A®), A^oW^{W^W)o A''(B). 

Theorem 4.5. The bialgebra homomorphism W e bialg{bTV, hShV), such that 
VF|k = id and = id, is the braided antisymmetrizer W(B). 

Proof. Prom the assumption that W is the algebra map we obtain 

Wn = lln-lAB)o{Wn-l®id). 

Then by induction we have 

Wn = fMn-l,l{B) O ^n-2,l{B) O . . . O fli^i{B) . 

From the assumption VF|k = id and = id this is the braided antisymmetrizer 

W = W{B). 

□ 
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